Let Γ be a simple connect graph on a finite vertex set V and let A be its adjacency matrix. Then Γ is said to be singular if and only if 0 is an eigenvalue of A. The nullity (singularity) of Γ, denoted by null(Γ), is the algebraic multiplicity of the eigenvalue 0 in the spectrum of Γ. The general problem of characterising singular graphs is easy to state but it seems too difficult in this time. In this work, we investigate this problem for finite graphs on which the dihedral group D n acts vertex transitively as group of automorphisms. We determine the nullity of such graphs. We show that Cayley graphs over dihedral groups D p s is non-singular if
spectrum of Γ consists of all eigenvalues of A and so Γ is singular if and only if 0 belongs to the spectrum of Γ. The nullity of Γ is the dimension of the null space of Γ and we denote this by null(Γ). Note |V | = null(Γ) + r(Γ) where r(Γ) is the rank of A. Hence singular graphs have a non-trivial null space.
The problem of graph singularly first arose in structural chemistry in the context of Hückel Theory [3] and the first mathematical paper on the subject appears to be Collatz and Sinogowitz [7] in 1957 who asked for a classification of all finite non-singular graphs.
Recently graph singularity has become relevant in other areas of mathematics too. This applies to the representation theory of finite groups in particular. For instance, in [6] Müller and Neunhöffer compute the rank of a certain (extremely large) matrix that is connected to the Foulkes conjecture and the plethysm of symmetric groups. It is now evident that the problem of Collatz and Singowitz can not be solved in its original version, it would simply not be feasible to determine all singular graphs.
Let C be the field of complex numbers. Let G be a finite group.
H generates G. In this case we define a graph with vertex set G and two vertices u, v ∈ G are adjacent, u ∼ v if and only if vu −1 ∈ H. This graph is called the Cayley graph of G with connecting set H and it is denoted by Cay(G, H). We denote the group algebra of G over C by CG. Then CG is the vector space over C with basis G and multiplication defined by extending the group multiplication linearly.
A permutation g of V is an automorphism of Γ if the pair of vertices (u g , v g ) forms an edge in Γ if and only if the pair of vertices (u, v) forms an edge in Γ. Here u g is the image of u under the action of g. The set of all automorphisms of Γ forms a subgroup of the symmetric group on V, called the automorphism group of the graph Γ. It is denoted by Aut(Γ). In this note we consider the singularity problem for graphs which admit a group G of automorphisms that acts transitively on the vertices of the graph.
We specialize in particular to the case when G is a dihedral group. In this situation the classification of singular graphs is complete.
To state our results as before Γ is a graph with vertex set V and let G = D n = a, b|a n = b 2 = 1, bab = a −1 ⊆ Aut(Γ) be the dihedral group of order 2n. We suppose that G acts transitively on V. We denote the rotation group of G by C n . Let a be a generator of C n and let b ∈ G \ C n .
We fix a vertex v in V and define the set
and
Lemma 1.1. Let G = D n be the dihedral group of order 2n with cyclic subgroup C n of order n. Suppose that G acts faithfully and transitively on some set V. Then (i) |V | = n and C n acts regularly on V, or
(ii) |V | = 2n and G acts regularly on V while C has two orbits on V.
Proof: Let F be the stabilizer of the point v ∈ V and let X := F ∩ C n . Since C n is cyclic the only subgroup of C n of order |X| is X itself, and in particular, X is normal in G. By a general lemma on permutation groups, F g = g −1 F g is the stabilizer of v g for any g ∈ G, and so X = X g ⊆ F g fixes v g for all g. By transitivity, X fixes any point of V and that means X = 1 G , as F is faithful on V. then Γ is a Cayley graph over G with connecting set
and hence we have that H = H ′ ∪ H ′′ . Thus for this case A has the following shape:
where M, N are n × n matrices and N t is the transpose of N.
Note, if G = D n acts transitively on a set V and suppose that the kernel of this action L is non-trivial. In this case we have that L ⊆ C n and G/L ∼ = Dñ for someñ < n as L is a normal subgroup.
In this paper, we determine sufficient conditions for Γ to be singular in both cases. We prove that the eigenvalues of A are those of (M + N ) together with those of (M − N ), when Γ is a Cayley graph over dihedral groups see Theorem 3.1 and we show that
is non-singular if the following conditions hold
where p is a prime number and s ∈ N, see Theorem 3.4.
Circulant Matrices
In this section we give the basic ideas and results for circulant matrices. We use the properties of such matrices in the next section to prove the main results of this work.
Let y = (y 0 , y 1 , ..., y n−1 ) be a vector in C n . An n × n circulant matrix Y takes the Let l be a positive integer and let Ω l be the group of l th roots of unity, that is
Then Ω l is a cyclic group of order l with generator e denote the l th cyclotomic polynomial. Then Φ l (x) is the unique irreducible integer polynomial with leading coefficient 1 so that Φ l (x) divides x l − 1 but does not divide of x k − 1 for any k < l . Its roots are all primitive l th roots of unity. So
where gcd(m, l) = 1. Euler's totient function of l is defined as the number of positive integer ≤ l that is relatively prime to l and it is denoted by ϕ(l). 
The Main Results of this work
In this section we give sufficient conditions for Γ = (V, E) to be singular where V is a finite set and G = D n ⊆ Aut(Γ) acts faithfully and transitively on V. We also determine the nullity of such graphs. We use the properties of the cyclotomic polynomial and circulant matrices to prove the main results in this paper. Now we will discuss some aspects about the Cayley graphs over dihedral groups which are related to our problem. As before G = D n = a, b|a n = b 2 = 1, bab = a −1 is the dihedral group of order 2n and C n = a is the cyclic group of order n. Indicate a Cayley graph over G and a connecting set H by Cay(G, H). Then A has the shape is shown in Equation 4. Now we show that N = N t . We define the following linear maps
it is given by
Note N and N t represents β and β t on the basis of CC n and CC n b respectively.
Let a m , a m b ∈ G. Then we have that
From this we conclude that N = N t . Hence A has the following shape
Now we compute the eigenvalues of A as shown:
where 0 is an n × n zero matrix. From this we deduce that the eigenvalues of A are those of M + N and together with those of M − N. Clearly 
are associated to M and N respectively. Thus, the associated polynomial to M + N and M − N are
respectively.
By this we have the following result. 
(2) |H| < p.
Proof: (1) Suppose that the first condition is not held. In this case we have that the
Note we have that ∆ − (1) = 0 as |H ∩ C p s | = |H ∩ C p s b|. From this we deduce that (ii) Suppose that |V | = 2n. Then by by Subidussi's Theorem we have that Γ is a Cayley graph over G with connecting set H as is shown in Equation 3 . In this case we we have that Γ = Cay(G, H) and the proof is completed by applying Theorem 3.3.
